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a b s t r a c t

Adaptive combining is generally a desirable approach for forecasting, which, however, has rarely been
explored for discrete response time series. In this paper, we propose an adaptively combined forecasting
method for such discrete response data. We demonstrate in theory that the proposed forecast is of the
desired adaptationwith respect to the widely used squared risk and other significant risk functions under
mild conditions. Furthermore,we study the issue of adaptation for the proposed forecastingmethod in the
presence of model screening that is often useful in applications. Our simulation study and two real-world
data examples show promise for the proposed approach.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

The time series data with discrete response exist widely in
many research fields, including economics, finance, health, and
even sports. For example, Dueker (1999) andMonokroussos (2011)
used this kind of time series to describe the US monetary policy;
Müller and Czado (2005, 2009) utilized it in the study of finan-
cial analysis; Kedem and Fokianos (2002) applied it to modeling
the sleep state of a newborn infant and Akhtar and Scarf (2012)
adopted it for the prediction of match outcomes in test cricket. For
the surveys on early and recent developments of time series mod-
els with discrete responses, the reader is referred to Eckstein and
Wolpin (1989) and Aguirregabiria and Mira (2010), respectively.
Obviously, an accurate forecast for discrete response time series
data is significantly desirable. This paper will be devoted to devel-
oping an effective procedure for combining forecasts in the context
of time series with discrete responses.

As iswell known, different estimation or forecasting procedures
may generally perform well in different cases. However, in prac-
tice, it is often very hard to choose out the best procedure, even
though a large number of model selection approaches exist in the
literature. Furthermore, model selection is often unstable in the
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sense that small change in data may lead to a significant difference
in the chosen models, and thus cause an unnecessarily high vari-
ability in the final estimation/prediction. Therefore, a combination
of candidate procedures is highly desirable. In addition, a combined
forecast avoids ignoring useful information from the relationship
between the response and the covariates and also provides a kind
of insurance against selecting a very poor candidate model. We re-
fer to Bates and Granger (1969), Zou and Yang (2004) and Leung
and Barron (2006), among others, for further discussions.

Various combination methods have been suggested for fore-
casting in the literature. In the classical forecasting combination
(cf., Bates and Granger, 1969; Granger and Ramanathan, 1984),
combining weights are typically selected based on the estimated
variances of individual forecast errors. The resulting combined
forecast by this kind of procedures, however, lacks of theoretical
supports. Combining procedures based on the scores of informa-
tion criteria such as AIC and BIC (Buckland et al., 1997) are also
commonly used in practice, but they need themaximum likelihood
values of all candidate models fitted. Recently, asymptotically op-
timal combining approaches have attracted a lot of attention and
various procedures have been proposed. Examples include Mal-
lows model averaging (MMA) by Hansen (2007, 2008) and Wan
et al. (2010), optimal mean squared error averaging by Liang et al.
(2011), and Jackknifemodel averaging (JMA) byHansen and Racine
(2012). But all the work on asymptotically optimal combining pro-
cedures consider to average the linear estimators. Differently, this
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paper will develop an adaptive combination procedure,1 which is
applicable in amore general framework because it neither restricts
the formof the estimators/forecasts averaged nor requires the like-
lihood values fitted. Also, as pointed out by a referee, any forecast-
ing procedure (e.g., MMA) can be included in the candidate set of
the adaptive combination procedure so that the final risk can adap-
tively achieve minimax rates for multiple scenarios.

In recent literature, adaptive forecasting studies are focused
on continuous random variables. Yang (2004) proposed an adap-
tive algorithm, called aggregated forecast through exponential
reweighting (AFTER). Zou and Yang (2004) used it to combine
time series models (e.g., ARIMA) and indicated the advantage of
AFTER over some commonly used model selection approaches.
Since then, the AFTER algorithm has been applied to a variety of
forecasting issues, such as theUS employment growth (Rapach and
Strauss, 2008) and the exchange rate (Altavilla and De Grauwe,
2010). To the best of our knowledge, however, the adaptive prop-
erty has seldombeen investigated for discrete response time series,
which will be studied in this paper. We will not only establish the
adaptive property of our proposed combination procedure under
usual squared risk, but also demonstrate that the proposed
combined forecast procedure enjoys the adaptation under other
significant general risk functions, including, for example, the asym-
metric LINEX loss function. In addition, we will consider the adap-
tation of the proposed method in the presence of model screening
that is often useful in applications. The advantages of the proposed
approaches will be illustrated by both simulation study and real-
world data examples.

The remainder of this paper is structured as follows. Section 2
begins with the setup of the problem and combined forecast.
Section 3 contains theorems on the adaptation of the proposed
combined forecast based on the squared risk and other important
risk functions. Section 4 further presents its adaptation by adding
a model screening step to the combining procedure. Sections 5
and 6 report results from the simulation study and real-world data
analysis, respectively. Section 7 concludes. The technical proofs are
relegated to an Appendix.

2. Problem setup and combined forecast

Suppose that we are interested in forecasting a discrete re-
sponse variable Y at some time t (=1, 2, . . .), taking on D+1 cate-
gories.We denote byG0 the initial information set available at time
t = 0 and by {Y1, Y2, . . . , Yt−1} the observations of Y at time {1, 2,
. . . , t − 1}. At each time t , Xt denotes the covariates possibly re-
lated to Yt . For t > 0, let Z t−1

=
G0, (X1, Y1), . . . , (Xt−1, Yt−1)


be all the historical information available up to time t − 1, and set
Gt = (Z t−1, Xt). Suppose that, for each time t , the conditional prob-
ability of Yt = d given Gt is modeled by

Pr {Yt = d|Gt} = fd(Gt), d = 0, 1, . . . ,D, (1)

where Dmeans D+ 1 categories for the values of Yt , and fd(·)’s are
unknown probability functions, satisfying

D
d=0 fd(Gt) = 1. Here

D can be larger than 1 and so the response Y does not need to be
binary. The D + 1 values are also allowed to be ordered. Note that

1 The adaptation in the current paper is on minimax-rate adaptation. Referring
to Yang (2001b), we briefly describe the minimax-rate adaptive property here. Let
g ∈ Gθ be the vector of interest, where θ is the hyper-parameter belonging to Θ ,
and {gj,n, n ≥ 1} be a sequence of estimators by the estimation procedure j, j ∈

{1, . . . , J}. The minimax risk in Gθ at n is defined as R(Gθ , n) = inf1≤j≤J supg∈Gθ
E{l(g,gj)}, where l(·, ·) denotes some distance. If the estimation procedure j∗

satisfies lim supn→∞


R−1(Gθ , n) supg∈Gθ

E{l(g,gj∗ )} < ∞ for every θ ∈ Θ , then
we say that the estimation procedure j∗ is minimax-rate adaptive over {Gθ : θ ∈

Θ}. Similar definitions can be found in Barron et al. (1999) and Yang (2000b).
Yt−1 is in Gt , so similar to the AFTER, the algorithmwewill propose
can be used to forecast time series with autoregressive structure.

In this problem of forecasting, the key concern is to forecast
fd(Gt), d = 0, 1, . . . ,D. Suppose we have J candidate forecasting
procedures, based on which we aim to construct a combined fore-
cast with adaptive property. For j = 1, . . . , J , we denotefd,j(Gt)
as the forecast of fd(Gt) by the jth candidate procedure. For sim-
plicity, we writefd,t,j =fd,j(Gt). Unlike the combining procedures
such as the MMA and JMA mentioned in the Introduction, no re-
striction is imposed on the J forecasts in this paper. These fore-
casts are flexible, and can be constructed from different classes of
methods and/or under different assumptions. The combined fore-
cast that we propose is in the form

fd(Gt , wt) =

J
j=1

wt,jfd,t,j (2)

with the weight vector wt = (wt,1, . . . , wt,J)
′ and its jth element

given by

wt,j =



πj, t = 1,

πj

t−1
l=1


D

d=0

fd,l,jI(Yl=d)


J
j′=1


πj′

t−1
l=1


D

d=0

fd,l,j′I(Yl=d)
 , t > 1, (3)

where πj > 0 is the prior weight given to the jth forecast, satisfy-
ing

J
j=1 πj = 1, and I(·) denotes the indicator function as usual.

For simplicity, we writefd(wt) =fd(Gt , wt).
Note that the weight in (3) depends on the prior information,

the past forecasts and the corresponding actual realizations. In
particular, such weights are dynamic, i.e., they are updated with
a new observation. Ignoring the prior information, we see that the
bigger the value of

t−1
l=1

D
d=0

fd,l,jI(Yl=d)

, the larger theweight

wt,j. This value is the probability of making totally correct choice
before time t , and thus can be thought of as a measure of the past
forecasting accuracy from time 1 to time t − 1. Therefore, the
proposed weights are related to both the past forecasting accuracy
and the prior information. Obviously, if the priorweights are equal,
then the proposed approach sets a bigger weight to the procedure
with higher forecasting accuracy in the past time, which accords to
our intuition. Also note that by (3), we have

wt,j =

wt−1,j

D
d=0

fd,t−1,j
I(Yt−1=d)

J
j′=1


wt−1,j′

D
d=0

fd,t−1,j′
I(Yt−1=d)

 . (4)

So similar to the AFTER procedure, the weight of form (3) has a
Bayesian interpretation as well: If we view the weight wt−1,j as
the prior probability put on the jth forecast before observing Yt−1,
thenwt,j is the posterior probability of the jth forecast after Yt−1 is
obtained.

In the case of combining binary predictions, Yuan and Ghosh
(2008) and Ghosh and Yuan (2009) developed procedures for
adaptive regression by mixing with model screening (ARMS) and
improved ARMS by extending theworks of Yang (2001a, 2003) and
Yuan and Yang (2005). The form of our weighting scheme in (3)
is similar to those in these papers, but the latter depends on data
splitting and is not suitable for forecasting time series. Our weight
form (3) is also similar to theweight implied by themixing strategy
for density estimation in Yang (2000a), where the adaptation of the
mixing strategy is shown under Kullback–Leibler (K–L) risk. We
will present this result in Remark 4 as a support of using (3) for
combining procedures.
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3. Adaptation

In this section, we first establish ourmain result, the adaptation
of the combined forecast under the weighting scheme (3) with
respect to the squared risk, then present the corresponding
result under the K–L risk (Yang, 2000a), and finally consider the
adaptation with respect to other risk functions.

3.1. Adaptation under the squared risk

For any forecastfd,t of fd(Gt), we consider the squared loss

L =

D
d=0

fd,t − fd(Gt)
2
.

The corresponding risk is given by

Et(L) = Et


D

d=0

fd,t − fd(Gt)
2

,

where the expectation Et is taken with respect to the randomness
of Gt . We consider the average forecasting risk up to the time n,
denoted by Rn, as the performance measure of forecasts, i.e.,

Rn =
1
n

n
t=1

En
D

d=0

fd,t − fd(Gt)
2
.

For the jth and the combined forecasts, their average risks are
denoted by

Rn(j) =
1
n

n
t=1

En
D

d=0

fd,t,j − fd(Gt)
2

and

Rn(w) =
1
n

n
t=1

En
D

d=0

fd(wt)− fd(Gt)
2
,

respectively, wherew = (w1, . . . , wn).
Before stating the adaptation under the squared risk, we need

the following assumption.
Condition (C0): There exists a constant A > 0 such thatfd,t,j ≥ A

with probability 1 for all j ∈ {1, . . . , J}, d ∈ {0, . . . ,D} and
t ∈ {1, . . . , n}.

This condition is essentially the same as Condition 1 of Yuan and
Ghosh (2008),where the lower boundsAj’s are needed to be greater
than 0 (see the proof of Theorem 1 of Yuan and Ghosh, 2008).
Note that Condition (C0) implies that all the individual forecasts
are bounded away from 0, which is mild and easy to satisfy. For
example, if fd(Gt) ≥ τ > 0 (which means fd(Gt) to be bounded
away from zero) and |fd,t,j − fd(Gt)| ≤ τ1 < τ with probability 1
for all j ∈ {1, . . . , J}, d ∈ {0, . . . ,D} and t ∈ {1, . . . , n} (i.e., every
forecast is not far away from the true value), where τ and τ1 are
two positive constants, then there exists a positive constant A such
thatfd,t,j ≥ A holds true with probability 1.

The following theorem shows the adaptation of the proposed
combination forecast under the squared risk.

Theorem 3.1. Assume Condition (C0) is satisfied. Then the average
risk of the combined forecast with the weight (3) satisfies

Rn(w) ≤ 4A−1 inf
1≤j≤J


−An−1 logπj + Rn(j)


. (5)

Remark 1. Under the i.i.d. observations, a similar bound was ob-
tained by Yang (2000a) for the density estimation. Yang (2004) also
developed a similar bound for the combined forecast by the AFTER
procedure.
Remark 2. From (5), up to the constant 4A−1 and the additive
penalty −An−1 logπj, the combined forecast by the weighting
scheme (3) achieves the performance of the optimal forecast
among all J individual forecasts under the squared risk. In particu-
lar, under the equal priors πj = 1/J , (5) reduces to

Rn(w) ≤ 4A−1 inf
1≤j≤J

Rn(j)+ 4n−1 log J. (6)

As commented by a referee, when A is small, the upper bound
given by (6) may not be very tight. In this case, in view of the as-
sumption (C0), we may need to reduce the number of categories,
D+1, for the response Y , so that the probability for each category is
not too small, and hence neither is the lower bound A in Condition
(C0). On the other hand, if log J/ inf1≤j≤J(nRn(j)) → 0 as n → ∞,
then nRn(w)/ inf1≤j≤J(nRn(j)) = O(1), which means that the sum
risk nRn(w) of the proposed method shares the same increasing
rate as the optimal individual forecast. It may also be of interest to
compare this property of risk bound with the asymptotically opti-
mal property for the model selection or model averaging (cf., Li,
1987; Shao, 1997; Hansen, 2007). Although the latter is defined
based on the risk for the best infeasible individual or combined es-
timator/forecast rather than the risk multiplied by a constant as
in our risk bound, the asymptotic propertymakes sense only in the
case of large sample size, and is established on the basis of linear es-
timators/forecasts. By contrast, our risk bound property holds true
not only for the finite sample size but also without imposing any
linearity restriction on the candidate estimators/forecasts.

Remark 3. Let jo = argmax1≤j≤J{πj
n

t=1(
D

d=0(
fd,t,j)I(Yt=d))}. By

simple calculations, we can establish the lower bound of the aver-
age risk as follows:

Rn(w) ≥ 4−1ARn(jo)− n−1A log(Jπjo). (7)

See the Appendix for the proof of (7). Note that when using equal
priors π1 = · · · = πJ = 1/J , the joth forecast has the biggest prob-
ability (among all J forecasts) of making totally correct choice from
time 1 to time n. In this case, (7) simplifies to Rn(w) ≥ 4−1ARn(jo).
In practice, the joth forecast is infeasible for the prediction from
time 1 to time n, because the selection of jo depends on the forecast
at time n, which is in fact unknown when making forecast (unless
the forecasting is finished).

Remark 4. We point out that our combined forecast by the
weighting scheme (3) also enjoys the adaptation under the K–L risk
of Yang (2000a). Denote the average K–L risk offd(wt) by

Dn(w) =
1
n

n
t=1

En
D

d=0

fd(Gt) log
fd(Gt)fd(wt)

,

and likewise by Dn(j) for the jth forecast. Proposition 1 of Yang
(2000a) provides the following bound on the K–L risk:

Dn(w) ≤ inf
1≤j≤J


−n−1 logπj + Dn(j)


. (8)

This is similar to (5) except the constants 4A−1 and A. It implies
that, up to an additive penalty −n−1 logπj, the combined forecast
by the weighting scheme (3) achieves the performance of the op-
timal forecast among all J individual forecasts under the K–L risk.

Remark 5. The upper bound given by Theorem 3.1 is with respect
to the optimal individual forecast. Sometimes, it is also of interest
to target the best combined forecast based on all the J forecasts, for
which, similar to Yang (2004), we can first average the J forecasts
by some weighting scheme and then combine the averaged
forecasts using the proposed weighting procedure.



X. Zhang et al. / Journal of Econometrics 176 (2013) 80–91 83
Let us denote η = (η1, . . . , ηJ)
′, the weight vector belonging to

Ω := {η ∈ [0, 1]J :
J

j=1 ηj = 1}, and the combined forecast by
using η isfd(Gt , η) =

J
j=1 ηj

fd,t,j. Given ϵ > 0, J and n, let Nϵ be
a suitable ϵ-net including |Nϵ | < ∞ points to discretize Ω under
the ℓJ1 distance; i.e., for each η ∈ Ω , there exists an η∗

∈ Nϵ such
that

J
j=1 |ηj − η∗

j | ≤ ϵ. Further, we define the combined forecast
of allfd(Gt , η)’s with η ∈ Nϵ by using our proposed procedure with
equal priors asf ∗

d (Gt , w
∗
t ) =


η∈Nϵ w

∗
t,η
fd(Gt , η), andRn(w

∗) as
the corresponding risk, where w∗

t,η is the weight for the forecastfd(Gt , η), w
∗
t = {w∗

t,η : η ∈ Nϵ}, and w∗
= (w∗

1, . . . , w
∗
n). Then

the upper bound depending on the best combined forecast can be
derived asRn(w

∗) ≤ 8A−1 inf
η∈Ω

Rn(η)+ 8A−1(D + 1)ϵ2 + 4n−1 log |Nϵ |, (9)

where Rn(η) =
1
n

n
t=1 En

D
d=0

fd(Gt , η)− fd(Gt)
2
. See the Ap-

pendix for the proof of (9). Note that when J <
√
n, it follows from

Theorem 1 of Schütt (1984) and the proof of Theorem 6 of Yang
(2004) that there exists a discretization ofΩ such that

8A−1(D + 1)ϵ2 + 4n−1 log |Nϵ | ≤ A∗n−1J log(1 + nJ−1), (10)

where A∗ is a positive constant independent of n. Therefore,Rn(w
∗) ≤ 8A−1 inf

η∈Ω
Rn(η)+ A∗n−1J log(1 + nJ−1). (11)

Comparing (11) with (6), we see that the main difference between
them is the term log J in (6) replaced by the term J log(1 + nJ−1)
in (11). When J → ∞, the latter tends to infinity at a faster rate
than the former, which is a price paid for the reduction of risk from
inf1≤j≤J Rn(j) to infη∈Ω Rn(η). In practice, however, this weighting
procedure targeting the best combined forecast is infeasible be-
cause the discretization ofΩ is unknown.

3.2. Adaptation under other risk functions

In this subsection, we consider the adaptation under a gen-
eral loss function ψ(ρ) that is a nonnegative continuous function
with ψ(0) = 0. It is straightforward to show that when ρ ≥ 0,
ψ(ρ) = ψ(


ρ2), and otherwise, ψ(ρ) = ψ(−


ρ2). We define

φ(δ) = ψ(
√
δ) and φ∗(δ) = ψ(−

√
δ) for δ ≥ 0. To establish the

adaptation offd(wt) under the loss function ψ(ρ), we need two
more conditions:

Condition (C1): There exists a constant C > 0 such that
max0<δ≤1 |φ′(δ)| ≤ C and max0<δ≤1 |φ∗′(δ)| ≤ C , where φ′(·) and
φ∗′(·) are the first order derivatives of φ(·) and φ∗(·), respectively.

Condition (C2): There exists a constant C∗ > 0 such thatψ(ρ) ≥

C∗ρ2 for 0 < ρ ≤ 1.
Note that Conditions (C1) and (C2) correspond to the conditions

(10) and (9) of Yang (2004), respectively, which are easily satisfied.
Consider an example with widely used asymmetric LINEX loss
function: ψ(ρ) = exp(aρ) − aρ − 1 with a given constant
a. In this case, φ(δ) = exp(aδ1/2) − aδ1/2 − 1 and φ∗(δ) =

exp(−aδ1/2)+ aδ1/2 − 1. So we have φ′(δ) = aδ−1/2
{exp(aδ1/2)−

1}/2, φ∗′(δ) = −aδ−1/2
{exp(−aδ1/2)− 1}/2, and limδ→0 φ

′(δ) =

limδ→0 φ
∗′(δ) = a2/2, and thus Condition (C1) holds. It can also

be shown that there exists some a such that Condition (C2) holds
(the proof is simple and available on request from the authors).
Denote by R∗

n(w) and R∗
n(j) the risks of the combined and individual

forecasts under the loss function ψ(ρ), respectively. Note that
R∗
n(w) and R∗

n(j) have the same expressions as Rn(w) and Rn(j) in
Section 3.1, respectively, except that the squared loss function is
replaced by ψ(ρ). The following theorem shows the adaptation of
the combined forecast under the loss function ψ(ρ).
Theorem 3.2. Assume Conditions (C0)–(C2) are satisfied. Then the
average risk of the combined forecast by theweighting scheme (3) sat-
isfies

R∗

n(w) ≤ 4CA−1C∗−1 inf
1≤j≤J


−AC∗n−1 logπj + R∗

n(j)

. (12)

Remark 6. Note that the above adaptation property also depends
on the weight (3) and thus supports the use of our weighting
scheme. This is different from that in Section 2.6 of Yang (2004),
where the adaptation under a convex loss function is based on
a new weight that depends on a tuning parameter λ, the choice
of which can have a dramatic effect on the weight for moderate
sample sizes (Yang, 2004).

The use of general loss functions for forecasting discrete re-
sponse variable can be found in some work such as Diebold and
Rudebusch (1989) and Granger and Machina (2006). Consider a
simple example: A risk averter predictswhether the price of a stock
will go up (if up, buy the stock, otherwise, do not buy). Then she/he
may put a larger loss for over-forecast of the probability of ‘going
up’ than for under-forecast of this probability, and in this case, an
asymmetric loss function appears desired.

Let us examine the case of D = 1. Note thatf0,t,j +f1,t,j = 1
and f0,j(Gt) + f1,j(Gt) = 1. The sum of loss is therefore equal to1

d=0 ψ(
fd,t,j − fd(Gt)) = ψ(f0,t,j − f0(Gt)) + ψ(f0(Gt) −f0,t,j),

which is symmetric. To solve this problem, as in Diebold and Rude-
busch (1989) and Granger and Machina (2006), we may change
the loss function

1
d=0 ψ(

fd,t,j − fd(Gt)) to ψ(f0,t,j − f0(Gt)), and
then an asymmetric loss function can be operated. For the squared
loss,

1
d=0(

fd,t,j − fd(Gt))
2

= 2(f0,t,j − f0(Gt))
2, so it is straightfor-

ward to show that Theorem 3.1 still holds when the loss function1
d=0(

fd,t,j − fd(Gt))
2 is replaced by (f0,t,j − f0(Gt))

2. Likewise, it
can be shown that Theorem 3.2 holds as well when the loss func-
tion

1
d=0 ψ(

fd,t,j − fd(Gt)) is replaced by ψ(f0,t,j − f0(Gt)) (the
proof is similar to that of Theorem 3.2 and available upon request
from the authors).

4. The combined forecast with model screening

When the number of candidate forecasts J is very large, the
computation cost of combining all these forecasts will be very sub-
stantial, so like the motivation of the ARMS algorithm of Yuan and
Ghosh (2008), a model screening step is preferred in this case. The
combining procedures with model screening step have also been
supported by Yuan and Yang (2005), Claeskens et al. (2006), Zhang
et al. (2012) and so on. Specifically, as commented by Hendry and
Reade (2008), simple averaging without any screening could pro-
vide poor modeling and forecasting, while appropriate screening
would lead to efficient averaging and forecasting.

DenoteΓ as a subset of {1, . . . , J} selected by amodel screening
method based on the initial set of observationsG0. In the simula-
tion study and practical application of next two sections, we setG0
to be the same set of observations as used in forecasting f (G1). In
Yuan and Yang (2005) where observations are independent, ran-
dom data splitting is adopted to determine the observation set for
model screening. In the current paper, we are concerned with the
time series context, and sowe do not use the random data splitting
but a set of initial observations for model screening.

Let J1 be the number of elements inΓ . According to (3), without
any prior information, theweight vector based on the setΓ at time
t is wt = (wt,1, . . . ,wt,J1)

′, with

wt,j =



1/J1, t = 1,
t−1
l=1


D

d=0

fd,l,jI(Yl=d)



j′∈Γ


t−1
l=1


D

d=0

fd,l,j′I(Yl=d)
 , t > 1. (13)
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The resulting combined forecast isfd(wt) =


j∈Γ wt,jfd,t,j, and
the associated squared risk is Rn(w) =

1
n

n
t=1 En

D
d=0(

fd(wt) −

fd(Gt))
2, where w = (w1, . . . ,wn). The following theorem

establishes the adaptation offd(wt) under the squared risk.

Theorem 4.1. Assume Condition (C0) is satisfied. Then the average
risk of the combined forecast satisfies

Rn(w) ≤ 4n−1EΓ log J1 + inf
1≤j≤J

(4A−1Rn(j)+ 2 Pr{j ∉ Γ }), (14)

where the expectation EΓ is taken with respect to the randomness ofΓ .

Remark 7. Let jopt = argmin1≤j≤J Rn(j). From (14), we have

Rn(w) ≤ 4n−1EΓ log J1 + 4A−1Rn(jopt)+ 2 Pr{jopt ∉ Γ }

= 4n−1EΓ log J1 + 4A−1 inf
1≤j≤J

Rn(j)+ 2 Pr{jopt ∉ Γ }. (15)

By comparison of (15) with (6) (the bound without any model
screening step), there is a reduction from 4n−1 log J to 4n−1EΓ
log J1, the benefit due to model screening, and an additional term
2 Pr{jopt ∉ Γ }, the price paid for the model screening step. There-
fore, whether the set selected by a model screening method con-
tains jopt (or the probability Pr(jopt ∉ Γ )) will affect the upper
bound.

In recent literature, some methods of model screening have
been suggested. Yuan and Yang (2005) proposed a ‘top m’ model
screening procedurewith the aid of AIC and BIC (i.e., the procedure
excludes models that are not ‘top m’ AIC or BIC models). The
resulting number of models may be smaller than 2m. Claeskens
et al. (2006) also suggested a screening method by using the
information criteria. Different from the ‘top m’ method, they used
a forward procedure, in each step of which the variable that
yields the lowest value for the information criterion when added
to the currently ‘‘best’’ model is added. From the perspective of
computational burden, this method appears better than the ‘top
m’, because it does not need to calculate the information criterion
values for every model. However, this method takes only one
model for each size, with the selected models nested, and even
the model with the smallest AIC or BIC can be excluded. Therefore,
in this paper, we choose the ‘top m’ model screening procedure.
The initial setG0 is used to calculate the AIC and BIC values in the
screening procedure.

5. A simulation study

In this section, we conduct a simulation study to compare
our proposed adaptive forecast (termed as AF) with the forecasts
selected by the two commonly used criteria, AIC and BIC, and
weightedby the twomethods, smoothedAIC (S-AIC) and smoothed
BIC (S-BIC). Specifically, the S-AIC weights are given by

wAIC
j = exp{−AICj/2}

 J
j=1

exp{−AICj/2},

where AICj is the AIC score corresponding to the jth forecast. The
S-BICweights are defined analogously. The performance of the ‘top
m’ screening method discussed in Section 4 is also checked in this
simulation study.

Wegenerate our simulateddata by the following autoregressive
logistic model (de Vries et al., 1998)

Pr {Yt = 0|Gt} = f0(Gt) =
1

1 +

2
d=1

exp{Bd,t}

,

Pr {Yt = d|Gt} = fd(Gt) =
exp{Bd,t}

1 +

2
d=1

exp{Bd,t}

, d = 1, 2,
where t = 2, 3, . . . , 2n,

Bd,t = β1,d + β2,dI(Yt−1 = 1)+ β3,dI(Yt−1 = 2)+ β4,dXt−1,1

+ · · · + β7,dXt−1,4,

Y1 = 0, and the coefficient vectors

(β1,1, . . . , β7,1) = (2, 0.1, 0.6, κ(1, 0.1, 0, 0.5))

and

(β1,2, . . . , β7,2) = (1, 0.2, 0.4, κ(0.4, 0.6, 0.8, 0.2))

with a parameter κ controlling the distance from the full model
(i.e., the model containing intercept, I(Yt−1 = 1), I(Yt−1 = 2),
and Xt−1,1, . . . , Xt−1,4 as regressors) to the restricted model (i.e.,
the model containing only intercept, I(Yt−1 = 1) and I(Yt−1 = 2)).
Here the four series {Xt,i} with i = 1, . . . , 4, are independently
generated from AR(1) with the autoregressive parameter 0.3.
The four variables Xt,1, . . . , Xt,4 are set to be auxiliary (i.e., they
are possibly used in forecasting). Thus we have 24

= 16
candidate models and so 16 forecasts. The parameter κ varies in
{0, 0.2, 0.4, . . . , 1.2} so that AIC or BIC performs better than the
other in about half cases of the set of κ , and n = 50. We setm = 5
in the screening step. The equal prior weights are adopted in this
simulation and in the practical applications of Section 6 as well.

The forecasting begins with t = n + 1 and ends at t = 2n. To
evaluate all methods, we compute the forecasting risk by

1
K

K
k=1

1
n

2n
t=n+1

2
d=0

f (k)d,t − f (k)d (Gt)
2
,

wheref (k)d,t denotes the combined forecast or selected individual
forecast of f (k)d (Gt) in the kth replication, and K = 500. For ease
of comparison, we normalize the risk by dividing by the smallest
risk of the individual forecasts. From Section 4, the additional term
related to the upper bound of the risk of the AFwith screening step
is Pr(jopt ∉ Γ ), which can be approximated by

∆ =
1
K

K
k=1

I

jopt(k) ∉ Γ (k)


,

where jopt(k) = argmin1≤j≤J
1
n

2n
t=n+1

2
d=0(

f (k)d,t,j − f (k)d (Gt))
2,f (k)d,t,j is the forecast of f (k)d (Gt) by the jth candidate model of the

kth replication, and Γ (k) is selected by the model screening step
in the kth replication. Then, 1 − ∆ is calculated as the correctness
ratio of the screening step. In addition, we calculate the selection
correctness ratios of AIC and BIC by

1
K

K
k=1

1
n

2n
t=n+1

I

IC (k)t = jopt(k)


,

where IC (k)t denotes the selected model by AIC or BIC at time t in
the kth replication.

Risks and correctness ratios are shown by Fig. 1. The following
conclusions are easily drawn from the figure.

(i) When κ is small (say <0.6), the BIC performs better than
the AIC; however, the reverse phenomenon is observed when κ is
large (say >0.8). This is expected because the BIC supports sparse
models more than the AIC. It can also be noticed that when one
model selection method has a larger correctness ratio, it achieves
a lower risk than the other. This finding, in some sense, is similar to
that of the ‘‘two simplemodels’’ simulation of Zou andYang (2004),
where it was found that the performance of model selection is
related to the probability of choosing the best model.

(ii) The S-AIC and S-BIC always perform better than the AIC and
BIC, respectively. This finding is similar to the result of Hansen
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Fig. 1. Risk and correctness ratio of simulation under n = 50 (— AF, · · · AF with
the ‘top m’ screening method, · − · − AIC, − − BIC, · − ∗ · − SAIC, − ∗ − SBIC, ×
correctness ratio by AIC, o correctness ratio by BIC, + correctness ratio by the ‘top
m’ screening method).

Table 1
The average risk over all κ values in the simulations with different sample sizes.

n AIC BIC S-AIC S-BIC AF AF with model screening

50 1.51 1.33 1.25 1.13 1.13 1.18
200 1.36 1.37 1.16 1.23 1.12 1.12

(2007) regarding the comparison between the information criteria
and their smoothed versions.

(iii) When κ is small (say <0.4), the S-BIC outperforms the
S-AIC and the AF performs between them. When κ is large (say
close to 1.2), the S-AIC performs better than the S-BIC and the AF
still performs between them. However, when the S-AIC and S-BIC
perform relatively closely, the AF leads to the lowest risk. More
interestingly, when κ is in the range of values around 0.6, the
AF achieves a risk lower than 1, implying that it performs better
than using the optimal candidate model. Comparing the AF and
S-AIC, the former performs better in most of range of the κ value
spacewe used, which also holdswhen comparing the AF and S-BIC.
The average risks over all κ values we considered are listed in the
second row of Table 1. Clearly, the AF and S-BIC have close average
risks which are smaller than those of other methods.

(iv) By and large, the AF with screening step produces a larger
risk than the AF, although it can reduce the computational cost.
However, when the correctness ratio of screening step is close to
1, it can reduce the risk (see, for example, the case with κ = 0).
This performance demonstrates again that good screening would
lead to good forecasts.

Further, we consider a simulation study with a larger sample
size of n = 200, and the results are reported in Fig. 2. Broadly
speaking, the conclusions drawn from Fig. 2 are similar to those in
the previous simulationwith n = 50. Themain difference between
them can be found in Table 1. Clearly, both the AIC and S-AIC have
lower average risks than the BIC and S-BIC, respectively, while the
AF has a lower average risk than the S-BIC, and the average risk of
the AF with screening step is quite close to that of the AF itself.

6. Two real-world data examples

In this section, we evaluate the performance of the proposed
adaptive forecastingmethod by two real-world data examples. The
first one is concerned with forecasting the direction of Australian
All Ordinary Index, which is relatively simple but of interest in
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Fig. 2. Risk and correctness ratio of simulation under n = 200 (— AF, · · · AF with
the ‘top m’ screening method, · − · − AIC, − − BIC, · − ∗ · − SAIC, − ∗ − SBIC, ×
correctness ratio by AIC, o correctness ratio by BIC, + correctness ratio by the ‘top
m’ screening method).

investment with a binary response. The second example is to
forecast the adjustment of Chinese deposit reserve ratio, where
the adjustment can be regarded as a genuinely discrete response
of three categories.

6.1. The direction of Australian all ordinary index

In this subsection, we apply the proposed adaptive method
to forecasting the direction of the Australian All Ordinary Index,
denoted as Y1, Y2, . . . , where Yt is the daily close price index in
day t . The whole sample of the data set, depicted in Fig. 3, consists
of the observations from 3rd January 2006 to 20th April 2011,
covering the period of the recent global financial crisis. We focus
on prediction of the direction of the index as an illustration of
the advantage of the proposed adaptively combined forecasting
for a binary discrete response. Note that forecasting sign of stock
movements is often concerned with in investment. As commented
by Leung et al. (2000), most trading practices adopted by financial
analysts rely on accurate prediction of the price levels of financial
instruments, but some recent studies have suggested that trading
strategies guided by forecasts on the direction of the change in
price level are more effective and may generate higher profits; see
also Nyberg (2011) for a recent work on forecasting the direction
of stock market.

For simplicity, we tentatively combine some simple and naive
forecasts. Let us consider the daily return rt = log(Yt/Yt−1). First,
we use a simple lag-1 autoregressive logistic model2:

Pr {rt > 0|rt−1} = exp(α + βrt−1)/ (1 + exp(α + βrt−1)) ,

under which the maximum likelihood estimators of the coeffi-
cients (α, β) and their standard errors (given in parentheses) are
0.20 (0.08) and −0.18 (0.11). This means that the higher daily re-
turn of one day tends to decrease the possibility of the index in-
creasing in the next day, though the estimator of β is not very sig-
nificant. We also perform a naive prediction method, that is,

if the index increases (decreases) in one day, then
predict it increasing (decreasing) in the next day.

2 The logit model has been adopted in forecasting the direction of stock return in
the literature such as Ou and Penman (1989) and Hirshleifer and Shumway (2003).
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Table 2
The hit-rates (in testing sample) in forecasting the direction of the Australian All Ordinary Index using the models built on different moving windows of the estimating
sample.

Size of moving window 100 200 300 400 500 600 700 800 900 1000

Naive method 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52
Logistic autoregression 0.50 0.55 0.55 0.55 0.56 0.51 0.50 0.51 0.58 0.56
AF 0.55 0.57 0.56 0.56 0.58 0.58 0.58 0.57 0.59 0.57
2006 2007 2008 2009 2010 2011
3000

4000

5000

6000

7000

Fig. 3. The daily close price index of Australian all ordinary index.

Then, we examine our proposed adaptive method in combining
the forecasts from these two methods. The last 300 observations
in the whole sample are used as a testing sample. In addition, in
many applications, it is often the case that a prediction may be
sensitive to the estimating sample that is used to estimate the
forecasting model. Too early observations may not be useful or
even lead to worse result in prediction, so often one would use
a moving window of sample for estimation in, for example, the
autoregressive logistic model considered above. How to select an
optimal moving window is often difficult in practice. We consider
the sample sizes of the moving window varying from 100 to 1000
in this empirical study.

We report the hit-rates, in the testing sample, of the one-step-
ahead direction predictions of the index based on the above meth-
ods with the models built on different moving windows of the
estimating sample, which are displayed in Table 2. Obviously, the
naive method is unrelated to the size of moving window for esti-
mation, so it is stable in forecasting and the correct forecasting ratio
keeps to be the understandably low constant rate of 0.52. However,
the prediction performance by the autoregressive logistic model is
very sensitive to the size of the moving window used for estima-
tion, varying from the worst hit-rate of 0.50 (worse than the naive
forecast), corresponding to the size ofmovingwindowequal to 100
or 700, to the optimal hit-rate of 0.58, corresponding to the size of
moving window equal to 900. Now let us examine our proposed
AF. It clearly follows from Table 2 that the AF uniformly obtains the
highest hit-rate in each moving window case in comparison with
the naive and logistic autoregression methods. The AF method is
very stable in terms of the moving window for estimation; in par-
ticular when the size of moving window for estimation is greater
than 500, the AF produces the correct forecasting ratio from 0.57
to 0.59, about 10% relative improvement compared with the naive
method. In some cases, the prediction performance by the autore-
gressive logistic model is close to that by the AF, but it is sensitive
to the change of the size of moving window.

6.2. The adjustment of Chinese deposit reserve ratio

In this subsection, we apply the proposed adaptive method
to forecasting the adjustment of Chinese deposit reserve ratio.
As a tool of monetary policy, the adjustment of deposit reserve
ratio has a significant influence on economic system. The data
set we used consists of the monthly observations from January
2006 to June 2012 from CEIC Databases at http://www.ceicdata.
com/Chinese.htm. The adjustments Yt ’s of these 78 months (t =

1, . . . , 78) vary in a set {−1%,−0.5%, 0, 0.5%, 1%}, in which there
are only one −1% and four 1%’s, so we reset the adjustment set as
{decrease, keep, increase}, with the elements indexed by 0, 1, and 2.
The numbers of the three categories of response are 6, 44, and 28,
respectively, in the sample. Three variables collected for the fore-
casting are: V1 (CPI), V2 (increase rate of value-added of industry),
and V3 (increase rate of investment in the fixed assets). These kinds
of variables on inflation, output, or investment are often used in
policy forecasting (see, for example,Monokroussos, 2011). In order
to reduce the effect of non-stability and seasonality, the variable
V1 has been operated with difference at lag 1, V2 with difference at
lag 12, and V3 with both difference at lag 1 and difference at lag 12.
Fig. 4 illustrates the time series of all the variables in this example.

Like Section 5, we are using a lag-1 logistic autoregressive
regression model3:

Pr

Yt = d|Yt−1, V1,t−1, V2,t−1, V3,t−1


=

exp(Bd,t)

1 +

1
d=0

exp(Bd,t)

, d = 0, 1

Pr

Yt = 2|Yt−1, V1,t−1, V2,t−1, V3,t−1


=

1

1 +

1
d=0

exp(Bd,t)

,

whereBd,t = γ1,d + γ2,dI(Yt−1 = 2) + γ3,dV1,t−1 + γ4,dV2,t−1 +

γ5,dV3,t−1 and t = 2, . . . , 78. As in Section 5, we set all three
regressors, Vjt , j = 1, 2, 3, as uncertain variables and are unsure
whether they should be in the model. Therefore we consider all
the possible combinations of the three regressors and this leads
to 23

= 8 candidate forecast models. Based on the 8 forecasts,
five selection and combination methods, including AIC, BIC, S-AIC,
S-BIC, and AF, are examined. The ‘top m’ screening method is also
performedwithm = 1, . . . , 4. Observations from July 2009 to June
2012 are used as a testing sample for forecasting evaluation. Also,
as in Section 6.1, moving windows are adopted in the application.
The sample size of moving window varies from 20 to 40.

The hit-rates of one-step-ahead predictions by these selection
and combinationmethods over different moving window sizes are
displayed in Table 3. It is clear that for each size ofmovingwindow,
the AFmethod has higher hit-rate than the AIC, BIC, and associated
averaging methods. For the AF with ‘top m’ screening step, we see
that it has different performancewhenm changes. Inmost of cases,
it produces lower hit-rate than the AF itself. In some cases (say the
case with m = 2 and the size of moving window being 20), the
AF with screening step has higher hit-rate than the AF itself. This
indicates that good screening may produce improved forecast.

3 Logistic regression or probit model has been widely used in the analysis or
prediction of monetary policy in the literature. See, for example, Hu and Phillips
(2004) and Chappell et al. (2007).

http://www.ceicdata.com/Chinese.htm
http://www.ceicdata.com/Chinese.htm
http://www.ceicdata.com/Chinese.htm
http://www.ceicdata.com/Chinese.htm
http://www.ceicdata.com/Chinese.htm
http://www.ceicdata.com/Chinese.htm
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Fig. 4. The adjustment of Chinese deposit reserve ratio Y , CPI V1 , increase rate of value-added of industry V2 , and increase rate of investment in the fixed assets V3 .
Table 3
The hit-rates (in testing sample) in forecasting the adjustment of Chinese deposit
reserve ratio using themodels built on different moving windows of the estimating
sample.

Size of moving window 20 25 30 35 40

AIC 0.53 0.58 0.56 0.56 0.67
BIC 0.56 0.58 0.56 0.58 0.67
S-AIC 0.56 0.58 0.53 0.56 0.67
S-BIC 0.56 0.61 0.56 0.58 0.64
AF 0.64 0.72 0.64 0.61 0.69
AF with ‘‘top 1’’ screening 0.58 0.58 0.56 0.50 0.67
AF with ‘‘top 2’’ screening 0.69 0.58 0.56 0.58 0.69
AF with ‘‘top 3’’ screening 0.69 0.56 0.56 0.58 0.69
AF with ‘‘top 4’’ screening 0.64 0.67 0.61 0.67 0.69

7. Concluding remarks

In this paper, we have considered the issue of adaptive forecast
for discrete response time series. A new combining forecast
method has been proposed with its adaptation under the squared
and other risk functions established. Furthermore, we have
extended the adaptation to the forecast combination with a model
screening step. Both simulation study and two real-world data
examples have displayed the promise of the proposed method.

Before ending the paper, we comment that as in Yuan and
Yang (2005), we suggested the ‘top m’ screening step without any
discussion of how to choose a properm in practice. An appropriate
choice of m should achieve a balance between the profit and price
from the model screening step. It remains a challenging endeavor
to develop an approach for the proper choice ofm. In addition, like
other publications on adaptive forecasting, the focus of the present
paper is on the point forecast, which sometimes could not meet
the need of practitioners. Developing an adaptive combination of
interval forecasts would warrant our future research.
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Appendix

To simplify the expressions, we denote ud,t,j = fd(Gt)/fd,t,j,
ud(wt) = fd(Gt)/fd(wt), vd,t,j = fd,t,j − fd(Gt), and vd(wt) =fd(wt)−fd(Gt) for d ∈ {0, . . . ,D}, t ∈ {1, . . . , n}, and j ∈ {1, . . . , J}
in this appendix.

Proof of Theorem 3.1. Let Hn =
n

t=1
D

d=0 {fd(Gt)}
I(Yt=d) and

Bn =
J

j=1


πj
n

t=1
D

d=0

fd,t,jI(Yt=d)

. For any j∗ ∈ {1, . . . , J},

we have

log
Hn

Bn
≤ log

n
t=1

D
d=0

{fd(Gt)}
I(Yt=d)

πj∗
n

t=1

D
d=0

fd,t,j∗I(Yt=d)

= log
1
πj∗

+

n
t=1

D
d=0


I(Yt = d) log ud,t,j∗


. (A.1)

Further, let ht =
D

d=0{fd(Gt)}
I(Yt=d) and gt =

J
j=1[wt,j

D
d=0

{fd,t,j}I(Yt=d)
]. Then

Bn =

J
j=1


πj

D
d=0

fd,1,jI(Y1=d)



×

J
j=1


πj

D
d=0

fd,1,jI(Y1=d) D
d=0

fd,2,jI(Y2=d)


J
j=1


πj

D
d=0

fd,1,jI(Y1=d)
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× · · · ×

J
j=1


πj

n
t=1

D
d=0

fd,t,jI(Yt=d)


J
j=1


πj

n−1
t=1

D
d=0

fd,t,jI(Yt=d)


=

J
j=1


w1,j

D
d=0

fd,1,jI(Y1=d)


×

J
j=1


w2,j

D
d=0

fd,2,jI(Y2=d)



× · · · ×

J
j=1


wn,j

D
d=0

fd,n,jI(Yn=d)


= g1 × g2 × · · · × gn. (A.2)

So,

log
Hn

Bn
= log

h1h2 × · · · × hn

g1g2 × · · · × gn
=

n
t=1

log
ht

gt
. (A.3)

From (A.1) and (A.3), we see that for any j∗ ∈ {1, . . . , J},

n
t=1

log
ht

gt
6 log

1
πj∗

+

n
t=1

D
d=0


I(Yt = d) log ud,t,j∗


. (A.4)

Taking expectation on both sides of (A.4) with respect to the
randomness of Yn given Gn, we obtain

n−1
t=1

log
ht

gt
+ EYn|Gn log

hn

gn

≤ log
1
πj∗

+

n−1
t=1

D
d=0


I(Yt = d) log ud,t,j∗


+ EYn|Gn

D
d=0


I(Yn = d) log ud,n,j∗


= log

1
πj∗

+

n−1
t=1

D
d=0


I(Yt = d) log ud,t,j∗


+

D
d=0


fd(Gn) log ud,n,j∗


, (A.5)

where

EYn|Gn log
hn

gn
=

D
d=0


Pr{Yn = d|Gn} log


fd(Gn)

 J
j=1

(wn,jfd,n,j)

=

D
d=0

{fd(Gn) log ud(wn)} = 2
D

d=0


−fd(Gn) log u

−1/2
d (wn)


≥ 2

D
d=0


fd(Gn)


1 − u−1/2

d (wn)


= 2
D

d=0


fd(Gn)−


fd(Gn)fd(wn)



=

D
d=0


fd(Gn)+fd(wn)− 2


fd(Gn)fd(wn)



=
1
4

D
d=0


4
fd(wn)−


fd(Gn)

2

− v2d(wn)



+
1
4

D
d=0

v2d(wn)
=
1
4

D
d=0


1 +

fd(wn)

2

−


1 +


fd(Gn)

2

×


1 −


fd(Gn)

2
−


1 −

fd(wn)

2


+
1
4

D
d=0

v2d(wn)

≥
1
4

D
d=0

v2d(wn). (A.6)

By inserting (A.6) into (A.5), it follows that

1
4

D
d=0

v2d(wn) ≤

D
d=0


fd(Gn) log ud,n,j∗


+

n−1
t=1

D
d=0


I(Yt = d) log ud,t,j∗


−

n−1
t=1

log
ht

gt
+ log

1
πj∗
. (A.7)

Now, by taking expectation on both sides of formula (A.7) with
respect to the randomness of Gn, we have

1
4
En

D
d=0

v2d(wn) ≤ En
D

d=0


fd(Gn) log ud,n,j∗


+

n−1
t=1

En
D

d=0


I(Yt = d) log ud,t,j∗


−

n−1
t=1

En log
ht

gt
+ log

1
πj∗
. (A.8)

The first term on the right-hand side of (A.8) satisfies

En
D

d=0


fd(Gn) log ud,n,j∗


≤ En

D
d=0


fd(Gn)(ud,n,j∗ − 1)


= En

D
d=0


f 2d (Gn)− 2fd(Gn)fd,n,j∗ +f 2d,n,j∗fd,n,j∗

+
fd(Gn)fd,n,j∗ −f 2d,n,j∗fd,n,j∗



= En
D

d=0


v2d,n,j∗fd,n,j∗ +


fd(Gn)−fd,n,j∗

= En
D

d=0

v2d,n,j∗fd,n,j∗ + 1 − 1

≤
1
A
En

D
d=0

v2d,n,j∗ , (A.9)

where the last step is from Condition (C0). For 1 ≤ t ≤ n − 1, the
second term on the right-hand side of (A.8) satisfies

En
D

d=0


I(Yt = d) log ud,t,j∗


= EYt ,Gt

D
d=0


I(Yt = d) log ud,t,j∗


= EGt EYt |Gt

D
d=0


I(Yt = d) log ud,t,j∗
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= EGt
D

d=0


fd(Gt) log ud,t,j∗


= Et

D
d=0


fd(Gt) log ud,t,j∗


≤

1
A
Et

D
d=0

v2d,t,j∗ =
1
A
En

D
d=0

v2d,t,j∗ , (A.10)

where the inequality is from (A.9). As for the third term on the
right-hand side of (A.8), using the same argument as (A.6), we see
that for any 1 ≤ t ≤ n − 1,

En log
ht

gt
= EGt EYt |Gt log

ht

gt

= EGt
D

d=0


Pr{Yt = d|Gt}

× log


fd(Gt)

 J
j=1


wt,jfd,t,j

= Et
D

d=0

{fd(Gt) log ud(wt)}

≥
1
4
En

D
d=0

v2d(wt). (A.11)

Finally, combining (A.8)–(A.11), we have, for any j∗ ∈ {1,
. . . , J},

n
t=1

1
4
En

D
d=0

v2d(wt) ≤ log
1
πj∗

+

n
t=1

1
A
En

D
d=0

v2d,t,j∗ , (A.12)

by which we obtain the conclusion (5) and thus finish the
proof. �

Proof of formula (7). The proof is very analogous to that of Theo-
rem 3.1. First, by the definition of jo in Remark 3 and the definitions
of Hn and Bn in the proof of Theorem 3.1, we have

log
Hn

Bn
≥ log

n
t=1

D
d=0

{fd(Gt)}
I(Yt=d)

Jπjo
n

t=1

D
d=0

fd,t,joI(Yt=d)

= − log(Jπjo)+

n
t=1

D
d=0


I(Yt = d) log ud,t,jo


. (A.13)

From (A.3) and (A.13), we see that
n

t=1

log
ht

gt
≥ − log(Jπjo)

+

n
t=1

D
d=0


I(Yt = d) log ud,t,jo


. (A.14)

So by taking expectation with respect to the randomness of Yn
given Gn, it can be shown that

n−1
t=1

log
ht

gt
+ EYn|Gn log

hn

gn

≥ − log(Jπjo)+

n−1
t=1

D
d=0


I(Yt = d) log ud,t,jo


+

D
d=0


fd(Gn) log ud,n,jo


. (A.15)
From the second equality of (A.6) and using the proof similar to
that of (A.9), we have

EYn|Gn log
hn

gn
=

D
d=0

{fd(Gn) log ud(wn)} ≤
1
A

D
d=0

v2d(wn). (A.16)

Using the derivation of (A.6), we obtain

En
D

d=0


fd(Gn) log ud,n,jo


≥

1
4
En

D
d=0

v2d,n,jo . (A.17)

Further, from (A.6) and (A.10), it follows that

En
D

d=0


I(Yt = d) log ud,t,jo


= Et

D
d=0


fd(Gt) log ud,t,jo


≥

1
4
En

D
d=0

v2d,t,jo , (A.18)

and from (A.9) and (A.11), we have

En log
ht

gt
= Et

D
d=0

{fd(Gt) log ud(wt)} ≤
1
A
En

D
d=0

v2d(wt). (A.19)

Now, combining (A.15)–(A.19), it is seen that formula (7) is
correct. �

Proof of formula (9). From the definition of Nϵ , we see that for
anyfd(Gt , η)with η ∈ Ω , there exists an η∗

∈ Nϵ such that

|fd(Gt , η)−fd(Gt , η
∗)| =

 J
j=1

(ηj − η∗

j )
fd,t,j

 ≤ ϵ. (A.20)

By the same argument as in the proof of Theorem 3.1, it can be
shown thatRn(w

∗) ≤ 4A−1 inf
η∈Nϵ

Rn(η)+ 4n−1 log |Nϵ |. (A.21)

Letη = argminη∈ΩRn(η). From (A.20) and the triangle inequality,
it follows that

inf
η∈Nϵ

Rn(η) = inf
η∈Nϵ

1
n

n
t=1

En
D

d=0

fd(Gt , η)− fd(Gt)
2

≤ 2 inf
η∈Nϵ

1
n

n
t=1

En
D

d=0

fd(Gt , η)−fd(Gt ,η)2
+ 2

1
n

n
t=1

En
D

d=0

fd(Gt ,η)− fd(Gt)
2

≤ 2(D + 1)ϵ2 + 2 inf
η∈Ω

Rn(η). (A.22)

Combining (A.21) and (A.22), we obtain formula (9). �

Proof of Theorem 3.2. From Condition (C1), we see that for any
1 ≤ t ≤ n,

D
d=0

fd(wt)− fd(Gt)
2

=

D
d=0

v2d(wt)

I
fd(wt) ≥ fd(Gt)


+ I

fd(wt) < fd(Gt)


≥

D
d=0


C−1 max

0<δ≤1
|φ′(δ)|v2d(wt)I

fd(wt) ≥ fd(Gt)


+ C−1 max
0<δ≤1

|φ∗′
(δ)|v2d(wt)I

fd(wt) < fd(Gt)
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≥ C−1
D

d=0


φ

v2d(wt)


− φ(0)


I
fd(wt) ≥ fd(Gt)


+

φ∗

v2d(wt)


− φ∗(0)


I
fd(wt) < fd(Gt)


= C−1

D
d=0


ψ


v2d(wt)


I
fd(wt) ≥ fd(Gt)


+ψ


−


v2d(wt)


I
fd(wt) < fd(Gt)



= C−1
D

d=0

ψ (vd(wt)) . (A.23)

On the other hand, by Condition (C2), it can be seen that for any
1 ≤ t ≤ n,

D
d=0

v2d,t,j∗ ≤ C∗−1
D

d=0

ψ

vd,t,j∗


. (A.24)

Now, combining (A.6) and (A.23), we have

EYn|Gn log
hn

gn
≥ 4−1C−1

D
d=0

ψ (vd(wn)) , (A.25)

and combining (A.11) and (A.23), we obtain that

En log
ht

gt
≥ 4−1C−1En

D
d=0

ψ (vd(wt)) . (A.26)

Similarly, from (A.9), (A.10) and (A.24), it follows that

En
D

d=0


fd(Gn) log ud,n,j∗


≤ A−1C∗−1En

D
d=0

ψ

vd,n,j∗


(A.27)

and

En
D

d=0


I(Yt = d) log ud,t,j∗


≤ A−1C∗−1En

D
d=0

ψ

vd,t,j∗


. (A.28)

Plugging (A.25)–(A.28) into (A.5), formula (12) is obtained. �

Proof of Theorem 4.1. Fix a forecasting procedure j∗ ∈ {1, . . . , J}.
Letgt =


j∈Γ

wt,j
D

d=0

fd,t,jI(Yt=d)

, ud(wt) = fd(Gt)/fd(wt),

and vd(wt) = fd(wt) − fd(Gt). Assume that j∗ ∈ Γ . First note
that formulas (A.5) and (A.6) still hold when gt , gn, 1/π∗

j , wn, wn,j,
and

J
j=1 are replaced by gt ,gn, J1,wn, wn,j, and


j∈Γ , respec-

tively. From Condition (C0), formula (A.9) holds with probability 1
when En’s are removed. From Condition (C0) and the fact that the
screening step is based on the initial setG0, it is also straightfor-
ward to show that when En, EYt ,Gt , EGt , Et , andwt,j are replaced by
EGn|Γ , E{Yt ,Gt }|Γ , EGt |Γ , EGt |Γ , and wt,j, respectively, formulas (A.10)
and (A.11) remain true. So from the proof of Theorem 3.1, it follows
that when j∗ ∈ Γ ,

n
t=1

1
4
EGn|Γ

D
d=0

(fd(wt)− fd(Gn))
2

≤ EGn|Γ log J1 +

n
t=1

1
A
EGn|Γ

D
d=0

(fd,t,j∗ − fd(Gt))
2

= log J1 +

n
t=1

1
A
EGn|Γ

D
d=0

(fd,t,j∗ − fd(Gt))
2. (A.29)
In addition,
D

d=0

fd(wt)− fd(Gt)
2

≤

D
d=0

fd(wt)
2

+ [fd(Gt)]2


≤ 2. (A.30)

Now, from (A.29) and (A.30), we see that for any j∗ ∈ {1, . . . , J},

n
t=1

1
4
EGn|Γ

D
d=0

(fd(wt)− fd(Gn))
2

= I(j∗ ∈ Γ ) n
t=1

1
4
EGn|Γ

D
d=0

(fd(wt)− fd(Gn))
2

+ I(j∗ ∉ Γ ) n
t=1

1
4
EGn|Γ

D
d=0

(fd(wt)− fd(Gn))
2

≤ log J1 +

n
t=1

1
A
EGn|Γ

D
d=0

(fd,t,j∗ − fd(Gt))
2

+ n/2I(j∗ ∉ Γ ), (A.31)

which implies formula (14). �
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