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h i g h l i g h t s

• I propose using Mallows model averaging (MMA) under a missing data setting.
• Data imputation is not needed for the use of MMA.
• The average estimator is proved to be asymptotically optimal.
• Simulations show the MMA is superior to complete-case and available-case methods.

a r t i c l e i n f o

Article history:
Received 25 January 2013
Received in revised form
26 August 2013
Accepted 7 September 2013
Available online 16 September 2013

JEL classification:
C5
C13

Keywords:
Asymptotic optimality
Mallows model averaging
Missing data

a b s t r a c t

Missing data is a common problem in economics studies. We propose using Mallows model averaging
(MMA) to dealwith this problem,which has an important advantage over its competitors in that it asymp-
totically achieves the lowest possible squared error. A simulation study in comparisonwith existingmeth-
ods strongly favors the MMA estimator.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

The problem of missing values on some covariates is one of the
most common challenges facing empirical researchers. There is a
large collection of literature dealing with missing covariates. See
Little (1992) and Toutenburg et al. (2002) for reviews for this topic.
There are three missing data cases: missing completely at random
(MCAR), missing at random, andmissing not at random. In the cur-
rent paper, we focus on the case where the covariates are MCAR.
Referring to Little (1992), data is MCAR if the distribution of miss-
ing data indicator does not depend on the observed or missing val-
ues, which can happen in practice.

A very simple and widely used way to deal with the missing
covariates problem is complete-case (CC) analysis. The CC method
estimates amodel using observations with complete data. Another
method for this problem is simply omitting some covariates with
missing values. This method utilizes larger sample size than CC
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analysis. Hereafter, we refer to this method as the larger-sample-
size (LSS) method. These two methods could, however, result in
a smaller sample size or substantial bias, and waste information
contained in discarded observations. In order to use the largest set
of available cases, some methods based on data imputation and
available-case (AC) analysis (Glasser, 1964) have been developed.
However, it is well known that data imputation generally depends
on observed covariates, so it may not be appropriate for the MCAR
situation. In addition, Haitovsky (1968) have shown that the AC
is markedly inferior to CC, when covariates are highly correlated.
In the current paper, we are going to develop a model averaging
method to combine CC and LSS methods, so it also uses the largest
set of available cases.

Model averaging, as an alternative of model selection, is widely
adopted for dealing with model uncertainty. But unlike model se-
lection where we end up ‘‘putting all our inferential eggs in one
unevenly woven basket’’ (Longford, 2005), model averaging sets
weights to candidate models, by which, it often reduces the risk in
regression estimation, as ‘‘betting’’ on multiple models provides a
type of insurance against a singly selectedmodel being poor (Leung
and Barron, 2006). What is more, model averaging avoids ignoring
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useful information from the form of the relationship between re-
sponse and covariates (Bates and Granger, 1969). The averaging
strategy based on scores of information criteria such as AIC and
BIC (e.g., Buckland et al., 1997; Claeskens et al., 2006; Zhang and
Liang, 2011; Zhang et al., 2012) is one of the most widely used
model averaging methods. But, the AIC and BIC cannot be used
to compare models of different datasets (Burnham and Anderson,
2002; Varshavsky et al., 2007), thus the strategy cannot be adopted
in combining CC and LSS methods, which are based on different
datasets. In the current paper, following the Mallows model aver-
aging (MMA) of Hansen (2007), we are going to propose an MMA
method for combining estimators from CC and LSS methods and
prove that the average estimator is asymptotically optimal in the
sense that the corresponding squared loss is asymptotically identi-
cal to that of the infeasible best possible model average estimator.

There have been some model averaging works contributing to
dealing with missing data such as Schomaker et al. (2010) and
Dardanoni et al. (2011). But all these works are based on data
imputation. To the best of our knowledge, the current paper is the
first work using model averaging to deal with missing data, but
without using data imputation.

The rest of the paper is organized as follows. Section 2 describes
a model framework and builds a model averaging procedure.
Section 3 presents asymptotic optimality of the obtained model
average estimator. A simulation study is reported in Section 4.
Section 5 concludes. Proofs of technical results are contained in the
Appendix.

2. Model framework and Mallows criterion

We consider the data generating process (DGP)

y = µ + u = Xβ + u, (1)

where y is theN×1 dependent variable,µ is themean of y, X is the
N × K covariates matrix, β is the vector of coefficients, and the er-
ror term u = (u1, . . . , uN)′ with mean zero and covariance matrix
σ 2IN . In a subsample of X , one or more covariates may be missing.
Because the intercept is always observed, the number of possible
subsamples with incomplete covariates is 2K−1

− 1. Noting that
not all such subsamples need be present in a dataset, we assume
we have J −1 ≤ 2K−1

−1 subsamples with incomplete covariates,
indexed by j = 2, . . . , J . The subsample without incomplete co-
variates is indexed by j = 1. For clear illustration, we provide the
following example.

Example 1.

X =

X11 X12 X13
X21 missing X23
X31 X32 missing


,

where Xi1i2 (i1, i2 ∈ {1, 2, 3}) can be matrices. There are two sub-
samples with incomplete covariates: (X21,missing, X23) and (X31,
X32,missing), so J = 3 in this example.

We denote the CC model by model 1, under which all the co-
variates are utilized but the sample size is smaller than N . Alterna-
tively, to utilize larger sample size, wemay ignore some covariates
that have missing observations. Since there are J − 1 missing sub-
samples, we can have J models in all, including one CC model and
J−1 LSSmodels. For the jthmodel, let y(j) be the associated depen-
dent variable and X (j) be the nj × Kj covariate matrix. We assume
X (j) to be of full column rank. In Example 1, model 1 has covariate
matrix X (1)

= (X11, X12, X13). The other two LSS models have the
following covariate matrices:

X (2)
=


X11 X13
X21 X23


and X (3)

=


X11 X12
X31 X32


,

respectively. Write Sj for the index set of columns of X used in
model j. Letπj be the projectionmatrixmappingβ = (β1, . . . , βK )′

to the subvector πjβ = β̃(j) of components βk with k ∈ Sj. Then,
the ordinary least squared estimator of β̃(j) is (X (j)′X (j))−1X (j)′y(j)

and thus the estimator of β under model j is β̂(j)
= π ′

j (X
(j)′X (j))−1

X (j)′y(j), some elements of which are zeros.
Let w = (w1, . . . , wJ)

′, belonging in a set: H = {w ∈ [0, 1]J :J
j=1 wj = 1}, Πj be a projection matrix of size nj × n mapping

y to y(j) (i.e., y(j)
= Πjy), and Hj = π ′

j (X
(j)′X (j))−1X (j)′Πj. Then the

model average estimator of β with weight vector w is

β̂(w) =

J
j=1

wjβ̂
(j)

=

J
j=1

wjπ
′

j (X
(j)′X (j))−1X (j)′y(j)

=

J
j=1

wjπ
′

j (X
(j)′X (j))−1X (j)′Πjy =

J
j=1

wjHjy. (2)

Replace missing values in X by zeros and denote the resulting ma-
trix by X̃ . In Example 1,

X̃ =

X11 X12 X13
X21 0 X23
X31 X32 0


.

Let Pj = X̃Hj and P(w) =
J

j=1 wjPj. A model average estimator of
µ is

µ̂(w) = X̃ β̂(w) =

J
j=1

wjX̃Hjy =

J
j=1

wjPjy = P(w)y. (3)

Note that X̃ , not X , appears in µ̂(w), because the use of X is infea-
sible.

The predictive loss of µ̂(w) is L(w) = ∥µ̂(w) − µ∥
2 and the

associated risk is R(w) = E(L(w)) = ∥P(w)µ − µ∥
2
+ σ 2tr(P(w)

P ′(w)). An unbiased estimator of R(w) up to a constant unrelated
tow is C(w) =

µ̂(w) − y
2+2σ 2tr(P(w)), which is theMallows

criterion of Hansen (2007). Let ŵ = argminw∈H C(w), the weight
vector minimizing C(w). The estimators β̂(ŵ) and µ̂(ŵ) are the
MMA estimators of β and µ, respectively.

3. Asymptotic optimality

In Hansen (2007), the Pj are symmetric and idempotent, but in
the current paper, the Pj are not and thus more efforts will be con-
tributed to study on the asymptotic optimality of ŵ. Let X (jc ) be the
remainingmatrix after removing X (j) from X̃π ′

j and njc be the num-
ber of rows of X (jc ). Some columns of X (jc ) can be zero vectors. For
instance, in Example 1, X (2c )

= (X31, 0). Let ξ = infw∈H R(w), wo
j

be a weight vector in which the jth element is one and the others
are zeros, and λmax(Φ) be the largest singular value of matrix Φ .
The following theorem builds the asymptotic optimality of weight
vector ŵ.

Theorem 1. As N → ∞, if for a positive constant κ and some integer
1 ≤ G < ∞,

Eu4G
i ≤ κ, (4)

max{1, sup
1≤j≤J

(njcn−1
j )2G}Jξ−2G

J
j=1

(R(wo
j ))

G
= o(1), (5)

and there exist positive constants c1 and c2 such that for any j ∈

{1, . . . , J},

λmax(n−1
jc X (jc )′X (jc )) ≤ c1 and λmax((n−1

j X (j)′X (j))−1) ≤ c2, (6)

then L(ŵ)/ infw∈H L(w) → 1 in probability.
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Fig. 1. Simulation results. (— Model averaging, −− complete-case, · · ·AC, — ∗ model averaging after imputation from Dardanoni et al. (2011), —⊖ model averaging after
imputation from Schomaker et al., 2010.) The lines of AC do not appear in some panels, because the AC leads to much higher MSEs than other methods.
The above result indicates that the conditional squared loss us-
ing ŵ is asymptotically identical to that obtained using the infea-
sible optimal weight vector. As in Hansen (2007), this optimality
allows all models averaged across to be misspecified and the num-
bers of covariates of each model to be related to sample size. The
proof of Theorem 1 is given in the Appendix.

Condition (4) is the same as condition (7) of Wan et al. (2010).
Condition (5) is implied by condition (8) of Wan et al. (2010)
and max{1, sup1≤j≤J(njcn−1

j )2G} = O(1), which restricts the ratios
njcn−1

j . Condition (6) is a commonly used regularity condition. See,
for example condition (A1) of Zou and Zhang (2009).

Last, because σ 2 is unknown in practice, following Hansen
(2007) and Wan et al. (2010), we propose estimating it under the
model with the biggest number of covariates. In the current paper,
the use of model with the biggest number of covariates means that
the estimator of σ 2 is obtained by the CC model.

4. Simulation study

This section reports results of a simulation study undertaken
to compare the performance of the MMA with CC, AC and model
averaging after imputation (MAAI) methods from Schomaker et al.
(2010) and Dardanoni et al. (2011).We use DGP: yi = x′

iβ +ui, i =

1, . . . ,N , where xi = (1, xi2, xi3, xi4)′, (xi2, xi3, xi4)′ ∼ N(0, Ω),
the klth element of matrix Ωkl = ρ|k−l|, ρ = 0, 0.3, 0.6, and
0.9, β = (2, 1, 0.7, 0.2)′,1 ui ∼ N(0, σ 2), independent of xi,
and N = 100 and 200. The variance σ 2 is set to make R2

≡

var(x′

iβ)/(var(x′

iβ)+σ 2) vary between 0.1 and 0.9. Random vector
ϵi = (ϵi1, ϵi2)

′
∼ N(0, I2), independent of xi and ui, is generated to

control the missing structures of xi3 and xi4. When ϵik < a, xi(k+2)
is missed. The parameter a is set to be zero and one to control
the number of missing observations. When using MAAI methods,
we adopt the regression imputation technique as in Schomaker
et al. (2010). The mean squared error (MSE) of β̂ based on 1000
replications is used to evaluate all estimation methods.

Simulation results with ρ = 0.3 and 0.9 are shown in Fig. 1.
Results of cases not shown here are available on request from the
author; in general, they depict very similar characteristics to those
shown in Fig. 1. The lines of AC do not appear in some panels of
Fig. 1 (say the panel: (a,N, ρ) = (0, 100, 0.9)), because the AC
leads tomuch higherMSEs than othermethods. The following con-
clusions are drawn from the simulation results.

(1) When R2 increases, sample size N increases, or ρ decreases,
the MSEs of all methods generally decrease. This performance is
expected.

1 We also used other settings of β and got similar results.
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(2) When ρ = 0.3, the AC can lead to lower MSEs than MMA.
See, for example, the panel: (a,N, ρ) = (1, 100, 0.3) of Fig. 1. But,
when ρ is big, the MSEs of AC are much larger than those of MMA.
This performance accords with the findings of Haitovsky (1968),
where AC is shown to be markedly inferior to CC when covariates
are highly correlated.

(3) The MMA generally produces lower MSEs than CC, espe-
cially, when R2 is small. When N or a decreases, the range of R2

where the MMA is superior to the CC seems to become wider.
When both R2 and ρ are big, the CC can have smaller MSE than
the MMA.

(4) When ρ = 0.3, the MMA performs better than or competi-
tively with the two MAAIs. When ρ = 0.9, the MMA is superior to
the MAAIs for small or moderate R2, but inferior to the MAAIs for
large R2.

5. Concluding remarks

To utilize the largest set of available cases when covariates
are missing completely at random, this paper proposes the use of
MMA. The asymptotic optimality of the MMA estimator is proved.
Simulation study shows promise for the proposed method. The
linear models are combined in this paper. Developing model av-
eraging methods for combining non-linear models under missing
data warrants our future research. How to extent the current ho-
moscedasticity set-up to heteroscedasticity is also an interesting
topic for future study.
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Appendix. Proof of Theorem 1

By condition (5), we have Jξ−2GJ
j=1


R(wo

j )
G

= o(1). This
result and condition (4) are the same as conditions (8) and (7) of
Wan et al. (2010), respectively, so from the proof of Theorem 1’ of
Wan et al. (2010), in order to prove the asymptotic optimality, we
need only to verify that,

sup
1≤j≤J


λ2G
max(PjP

′

j )

Jξ−2G

J
j=1


R(wo

j )
G

= o(1). (A.1)

Let P(j) = X (j)(X (j)′X (j))−1X (j)′ and Dj be a project matrix such that
X̃π ′

j = Dj(X (j)′, X (jc )′)′. So, we have λmax(Dj) = 1. It is straightfor-
ward to show that

PjP ′

j = X̃HjH ′

j X̃
′

= X̃π ′

j (X
(j)′X (j))−1X (j)′ΠjΠ

′

j X
(j)(X (j)′X (j))−1πjX̃ ′

= X̃π ′

j (X
(j)′X (j))−1π ′

j X̃
′

= Dj


X (j)

X (jc )


(X (j)′X (j))−1


X (j)

X (jc )

′

D′

j

= Dj


P(j) X (j)(X (j)′X (j))−1X (jc )′

X (jc )(X (j)′X (j))−1X (j)′ X (jc )(X (j)′X (j))−1X (jc )′


D′

j (A.2)
and

λmax


P(j) X (j)(X (j)′X (j))−1X (jc )′

X (jc )(X (j)′X (j))−1X (j)′ X (jc )(X (j)′X (j))−1X (jc )′


= λmax


2

P(j) 0
0 X (jc )(X (j)′X (j))−1X (jc )′


−


P(j) −X (j)(X (j)′X (j))−1X (jc )′

−X (jc )(X (j)′X (j))−1X (j)′ X (jc )(X (j)′X (j))−1X (jc )′


≤ 2λmax


P(j) 0
0 X (jc )(X (j)′X (j))−1X (jc )′


≤ 2max


λmax(P(j)), λmax(X (jc )(X (j)′X (j))−1X (jc )′)


≤ 2max


λmax(P(j)), λmax(X (jc )X (jc )′)λmax((X (j)′X (j))−1)


= 2max


1, njcn−1

j λmax(n−1
jc X (jc )′X (jc ))

× λmax((n−1
j X (j)′X (j))−1)


. (A.3)

In addition, from Li (1987), we know that for any two N × N
matrices Φ1 and Φ2, λmax(Φ1Φ2) ≤ λmax(Φ1)λmax(Φ2). So, from
(A.2)–(A.3), conditions (5)–(6) and the result λmax(Dj) = 1, we ob-
tain (A.1). This completes the proof.
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